Let Ω ⊂ R n be a C 2 bounded domain and χ > 0, λ > 0, be constants. We obtain upper bounds for the quenching time of the solutions of the nonlocal parabolic MEMS equation
One model of MEMS [10] , [19] , [22] , consists of a fixed membrane and a deformable membrane of the same shape which is coated with a thin dielectric material and held fixed at the boundary. When no voltage is applied to the membranes, the two membranes are parallel to each other with one at a fixed small distance on top of the other. When a voltage is applied to the membranes, the deformable membrane will deflect towards the fixed membrane. Recently there are a lot of study on the equations arising from such model of MEMS by N. Ghoussoub, Y. Guo, Z. Pan and M.J. Ward [3] , [4] , [5] , [6] , [9] , [10] , J.S. Guo, B. Hu and C.J. Wang [8] , K.M. Hui [14] , [15] , [16] , N.I. Kavallaris, T. Miyasita and T. Suzuki [17] , F. Lin and Y. Yang [19] , L. Ma, Z. Guo and J.C. Wei [11] , [12] , [20] , G. Flores, G.A. Mercado, J.A. Pelesko and A.A. Triolo [2] , [21] , [23] etc.
As observed by N. Ghoussoub, Y. Guo, J.A. Pelesko and others [3] , [22] , the deflection of the deformable membrane from its equilibrium position is modeled by the following parabolic equation,          ∂u ∂t =∆u + λf (x) (1 − u) 2 in Ω × (0, T )
where λ ≥ 0 is a constant and f ≡ 0 is a nonnegative function on Ω which depends on the dielectric constant of the coating on the membrane. When the voltage between the membranes are due to circuit series capacitance, the deflection of the deformable membrane from its equilibrium position is modeled by the following nonlocal parabolic equation [7] ,
where λ ≥ 0 and χ > 0 are a constant. In [19] F.H. Lin and Y. Yang by using variational argument derived the following nonlocal MEMS equation
on ∂Ω for modeling the stationary deflection between the two parallel plates of an electrostatic MEMS device with circuit series capacitance. Note that λ is proportional to the square of the voltage. When the voltage is very large, the two membranes will touch each other or quench and we would expect the solutions of (P ′ λ ) and (P λ ) cease to exist after a finite time. One would like to get estimates for the touchdown time of the solutions of (P λ ) and (P ′ λ ). We refer the readers to the papers [4] , [5] , [6] , by N. Ghoussoub and Y. Guo for various touchdown time estimates for the solutions of (P ′ λ ). In this paper we will obtain touchdown time estimates for the solutions of (P λ ). We prove that the quenching set of (P λ ) is compact under a mild condition on the initial value of the solution. When Ω = B R = {x ∈ R n : |x| < R} and u 0 is radially symmetric and monotone decreasing in 0 ≤ r ≤ R, we prove that the solution u of (P λ ) satisfies
for some constants t 0 ∈ (0, T ), C > 0, and the point x = 0 is the only possible quenching set. When Ω = B R and u 0 is radially symmetric which also satisfies some strict concavity assumption, we prove that for any β ∈ (2, 3) the solution u of (P λ ) satisfies
for some constant C > 0 and that the solution u quenches in a finite time for any sufficiently large λ > 0. We also obtain the quenching time estimate in this case. We will assume that Ω ⊂ R n is a bounded C 2 domain and λ > 0, χ ≥ 0, for the rest of the paper. We start with some definitions. For any δ > 0, R > 0, T > 0, let Ω δ = {x ∈ Ω : dist(x, ∂Ω) < δ} and Q T R = B R × (0, T ). Observe that when Ω is a bounded convex domain then there exists a constant δ 0 > 0 such that for any x ∈ Ω δ 0 there exists a unique point y ∈ ∂Ω such that the line seqment xy is perpendicular to ∂Ω at y.
For any constants χ ≥ 0, λ > 0, and
for some constant 0 < a < 1 we say that u is a solution (subsolution, supersolution respectively) of (
For any solution u of (P λ ) we define the quenching time or touchdown time T λ > 0 as the time which satisfies
We say that u has a finite quenching time if T λ < ∞ and we say that u quenches at time infinity if T λ = ∞. For any solution u of (P λ ) we let the quenching set of u to be the set of points x ∈ Ω such that there exists a sequence (
We first recall some results of [15] and [16] .
Theorem 1. (Theorem 2.1 and Theorem 2.2 of [16]) Let
for some constants 0 < a < 1 and b ≥ 0. Then for any λ > 0 and χ > 0 there exists
By an argument similar to the proof of Proposition 2.1 of [5] we have the following theorem.
Lemma 3.
Let Ω ⊂ R n be a bounded convex domain. Let u 0 satisfy (4) for some constants 0 < a < 1 and b ≥ 0. Suppose there exists a constant δ 0 > 0 such that
where ∂/∂ν is differentiation with respect to the unit outward normal ν on ∂Ω and u is the unique solution of (P λ ) in Ω × (0, T ) given by Theorem 1. Then there exists a constant δ 1 ∈ (0, δ 0 ) such that for any x ∈ Ω δ 1 if y is the unique point on ∂Ω such that the line segment xy is perpendicular to ∂Ω at y, then ∂ ∂ n u(z, t) < 0 ∀z ∈ xy, 0 < t < T where ∂/∂ n is differentiation with respect to the unit vector n along the direction xy.
By Lemma 3 and an argument similar to the proof of Proposition 1.3 of [16] and Propsotion 2.1 of [9] we have the following two corollaries.
Corollary 4.
Let Ω ⊂ R n be a bounded convex domain. Let u 0 satisfy (4) and (6) for some constants 0 < a < 1, b ≥ 0, and δ 0 > 0. Suppose u is the unique solution of (P λ ) in Ω × (0, T ) given by Theorem 1. Let δ 1 be as in Theorem 3. Then there exist a 1 > 0 and δ ∈ (0, δ 1 ) such that for any y ∈ Ω δ there exists a fixed-sized cone Γ(y) ⊂ Ω 2δ with vertex at y such that |Γ(y) \ Ω δ | ≥ a 1 and u(z, t) ≥ u(y, t) for any z ∈ Γ(y) and 0 < t < T . Moreover
Corollary 5. Let Ω ⊂ R n be a bounded convex domain. Let u 0 satisfy (4) and (6) for some constants 0 < a < 1, b ≥ 0, and δ 0 > 0. Suppose u is the unique solution of (P λ ) in Ω × (0, T ) given by Theorem 1 such that u touchdown at time T . Then the set of touchdown points for u is a compact subset of Ω.
By (7) and an argument similar to the proof of Theorem 4.3 of [16] we have the following theorem.
Theorem 6.
Let Ω ⊂ R n be a bounded convex domain. Let u 0 satisfy (4) and (6) for some constants 0 < a < 1, b = 0, and δ 0 > 0. Let χ > 0. Then there exists a constant C 1 > 0 and such that for any λ > λ 0 = C 1 µ 1 and any solution u of (P λ ), u quenches in a finite time
Lemma 7. Let λ > 0, χ > 0, and Ω ⊂ R n be a bounded domain such that B R ⊂ Ω for some constant R > 0. Let 0 ≤ u 0 ≤ a in Ω for some constant 0 < a < 1 and let 0 ≤ u < 1 be a solution of (P λ ) in Ω × (0, T ) with
Proof
Hence by (11),
where T 1 = min(T, 1/(λδ 1 c 0 )). Hence ψ is a supersolution of
Suppose T > 1/(λδ 1 c 0 ). Since v is a subsolution of (12), by Lemma 2,
Contradiction arises and (9) follows.
Theorem 8. Let 0 ≤ u 0 ≤ a be a radially symmetric function in B R ⊂ R n for some constant 0 < a < 1 which is monotone decreasing in 0 ≤ r ≤ R. Let T > 0. Suppose u is the unique solution of (P λ ) in Q T R given by Theorem 1 and u touches down at time T . Then there exist constants t 0 ∈ (0, T ) and C > 0 depending on λ and χ such that (1) holds. Hence x = 0 is the only quenching point of u at time T . Moreover for n ≥ 3 we have
Proof: We first observe that by an argument similar to the proof of Theorem 4.3 of [16] and Theorem 1.5 of [13] 1 > u(x, t) = u(|x|, t) ≥ 0 is radially symmetric in Q T R with u r (0, t) = 0 and u r (r, t) < 0 ∀0 < r ≤ R, 0 < t < T.
Let
where A(t) is given by (8) with Ω = B R . Since 0 ≤ v 1 ≤ a satisfies the heat equation in Q T R with v 1 ≡ 0 on ∂B R × (0, T ) and u 0 is radially symmetric and monotone decreasing for 0 ≤ r ≤ R, by the maximum principle and an argument similar to the proof of Theorem 1.5 of [13] v 1 is radially symmetric and v 1,r (r, t) ≤ 0 for any 0 < r ≤ R and 0 < t < T .
Similarly for any 0 < s < T , F (·, ·, s) is a radially symmetric solution of the heat equation in B R × (s, T ) with F (x, t, s) ≡ 0 for any x ∈ ∂B R , 0 < s < t < T , and ∂F ∂r (r, t, s) < 0 ∀0 < r = |x| ≤ R, 0 < s < t < T.
By Theorem 1 u satisfies (5). By (5) and (15),
Then v 2 is radially symmetric and satisfies
By (15) for each T /3 < t < T v 2,r (r, t) is monotone decreasing in 0 ≤ r ≤ R. Hence for each T /3 < t < T v 2 (x, t) will attain its maximum at x = 0. Differentiating (18) with respect to r and letting q = r n−1 v 2,r ,
Let q = q + εr n for some constant ε > 0 to be determined later. Then
and q(0, t) = 0 ∀T /3 < t < T.
By the maximum principle ( [1] , [18] ) there exists a constant C 1 > 0 such that
Hence by choosing 0 < ε ≤ ε 1 = C 1 /(2R) we have
By the strong maximum principle,
Suppose v 2,t (0, t) ≡ 0 on (T /2, T ). Then
This contradicts (23) . Hence there exists t 0 ∈ (T /2, T ) such that
By (18),
Since v 2,r (0, t) = 0 for any T /3 ≤ t < T , letting r → 0 in (25) by the l'hosiptal rule,
By (24) and (26), v 2,rr (0, t 0 ) < 0.
Then there exists 0 < r 1 < R such that
Let ε 3 = − max r 1 ≤r≤R v 2,r (r, t 0 ). Then ε 3 > 0. Let ε 0 = min(ε 1 , ε 2 /2, ε 3 /(2R)) and 0 < ε ≤ ε 0 . Since v 2,r (0, t 0 ) = 0, by the mean value theorem for any 0 < r ≤ r 1 there exists 0 ≤ r ′ ≤ r such that
and
By (28) and (29),
By (20), (21), (22), (30) and the strong maximum principle,
Hence by (16) and (31),
holds for any 0 ≤ r ≤ R, t 0 ≤ t < T , and (1) follows. By (1) x = 0 is the only quenching point of u and for any n ≥ 3,
and (13) follows.
Theorem 9. Let 0 ≤ u 0 ≤ a be a radially symmetric C 2 function on B R ⊂ R n for some constant 0 < a < 1 which is monotone decreasing in 0 ≤ r ≤ R with
for some constant c 1 > 0. Let χ > 0 and T > 0. Then there exists a constant λ 0 > 0 such that for any λ ≥ λ 0 and 2 < β < 3 if u is the unique solution of (P λ ) in Q T R given by Theorem 1, then there exists a constant C > 0 such that (2) holds and for any n ∈ Z + (13) holds. Moreover there exists a constant λ 1 ≥ λ 0 such that if λ > λ 1 and T is the maximal time of existence of the solution u of (P λ ), then T satisfies (9) and x = 0 is the only quenching point of u at the quenching time T .
Proof: Note that the estimate (2) for the case n = 1 and sufficiently large λ is proved in [8] . Here we will modify the proof of [8] so that it works for any dimension n. Let λ ≥ λ 0 and 2 < β < 3 for some constant λ 0 > 0 to be determined later. Let u be the unique solution of (P λ ) in Q T R given by Theorem 1. By an argument similar to the proof of Theorem 8 0 ≤ u < 1 is radially symmetric in Q T R and u satisfies (14) . Let v = 1 − u and v 0 = 1 − u 0 . Then v satisfies (10) . By (32),
By (10), (33), and an argument similar to the proof of Proposition 2.1 of [9] and Theorem 4.1 of [8] there exists a constant 0 < c 2 < c 1 depending on u 0 but is independent of u such that
Let w = v β . Then w satisfies
with w = 1 on ∂B R × (0, T ). By (14) w r (r, t) ≥ 0 for any 0 ≤ r ≤ R and 0 ≤ t < T . Differentiating (35) with respect to r and setting q = r n−1 w r , we have
Since 0 < w ≤ 1, by (36) and (37),
We now choose ε > 0 sufficiently small such that
where ω n−1 is the surface area of an unit ball in R n . We next choose
By (39) and (41) there exists 0 < T 1 ≤ T such that [0, T 1 ) is the maximal interval such that
holds for any 0 ≤ t < T 1 . Let q = q − εr n . Then by (38) and (42),
Now by (34) and (40),
By (33) and (40),
By (43), (44), (45) and the maximum principle, 
If T 1 < T , then by (41) and (48) there exists T 2 ∈ (T 1 , T ) such that (42) holds on (0, T 2 ). This contradicts the maximality of T 1 . Hence T 1 = T . By (46) and (47) we get that (2) and (13) hold. We now let λ > λ 1 for some constant λ 1 to be determined later and let T be the maximal time of existence of the solution u of (P λ ). Suppose T > 1. By repeating the above argument but with T being replaced by 1 in the argument and noting that then the constant c 2 is now independent of T we can find constants ε, δ 1 , and λ 0 as before which are then all independent of T . Then (2) holds in Q 1 R and (13), (48), hold for any 0 ≤ t ≤ 1. Let λ 1 = max(λ 0 , 4n/(δ 1 R 2 ), 3/δ 1 ).
By (49) and Lemma 7,
Contradiction arises. Hence T < 1. Note that then we can choose the constant c 2 in the above argument to be independent of T . Hence the constants ε, δ 1 , and λ 0 are all independent of T . Then by (48) Lemma 7 holds. Hence T satisfies (9) . Thus u quenches in a finite time T bounded above by the right hand side of (9) . By (2) x = 0 is the only quenching point of u at the quenching time T and the theorem follows.
